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Abstract

One of the most celebrated problems in dyadic harmonic analysis is the pointwise

convergence of the Fejér (or ðC; 1Þ) means of functions on unbounded Vilenkin groups. There

was no known positive result before the author’s paper appeared in 1999 (J. Approx. Theory

101(1) (1999) 1) with respect to the a.e. convergence of the one-dimensional ðC; 1Þ means of

Lp ðp41Þ functions. This paper is concerned with the almost everywhere convergence of a

subsequence of the two-dimensional Fejér means of functions in L logþ L: Namely, we prove

the a.e. relation limn;k-N sMn;M̃k
f ¼ f (for the indices the condition jn � kjoa is provided,

where a40 is some constant).
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1. Introduction

One of the most celebrated problems in dyadic harmonic analysis is the pointwise
convergence of the Fejér (or ðC; 1Þ) means of functions on one- and two-dimensional
unbounded Vilenkin groups.

Fine [6] proved every Walsh–Fourier series (in the Walsh case mj ¼ 2 for all jAN)

is a.e. ðC; aÞ summable for a40: His argument is an adaptation of the older
trigonometric analogue due to Marcinkiewicz [17]. Schipp [21] gave a simpler proof

for the case a ¼ 1; i.e. sn f-f a.e. ð fAL1ðGmÞÞ: He proved that s� is of weak type

ðL1;L1Þ: That s� is bounded from H1 to L1 was discovered by Fujii [7]. (See also
[23].)

The theorem of Schipp are generalized to the p-series fields (mj ¼ p for

all jAN) by Taibleson [24], and later to bounded Vilenkin systems by Pál and
Simon [19].

The methods known in the trigonometric or in the Walsh, bounded Vilenkin
case are not powerful enough. One of the main problems is that the proofs
on the bounded Vilenkin groups (or in the trigonometric case) heavily use the

fact that the L1 norm of the Fejér kernels are uniformly bounded. This is not the
case if the group Gm is an unbounded one [20]. From this it follows that the
original theorem of Fejér does not hold on unbounded Vilenkin groups. Namely,
Price proved [20] that for an arbitrary sequence m ðsupn mn ¼ NÞ and aAGm

there exists a function f continuous on Gm and sn f ðaÞ does not converge to f ðaÞ:
Moreover, he proved [20] that if log mn

Mn
-N; then there exists a function f continuous

on Gm whose Fourier series are not ðC; 1Þ summable on a set SCGm which is
non-denumerable. That is, only, a.e. convergence can be stated for unbounded
Vilenkin groups. The almost everywhere convergence of the full partial sums
for Lp; p41; is known in the bounded case [15] but not in the unbounded case.
On the other hand, mean convergence of the full partial sums for Lp; p41; is
known for the unbounded case. Namely, in 1999 the author [11] proved that
if fALpðGmÞ; where p41; then sn f-f almost everywhere. This was the very
first ‘‘positive’’ result with respect to the a.e. convergence of the Fejér means of
functions on unbounded Vilenkin groups. Later, the author of this paper gave a

partial answer for L1 case. He discussed a partial sequence of the sequence of

the Fejér means. Namely, if fAL1ðGmÞ; then he proved (see [13]) that sMn
f-f

almost everywhere.
What can be said in the case of two-dimensional functions? This is ‘‘another

story’’. For double trigonometric Fourier series, Marcinkiewicz and Zygmund [16]
proved that sm;n f-f a.e. as m; n-N provided the integral lattice points ðm; nÞ
remain in some positive cone, that is provided b�1pm=npb for some fixed
parameter bX1: It is known that the classical Fejér means are dominated by
decreasing functions whose integrals are bounded but this fails to hold for the one-
dimensional Walsh–Fejér kernels. This growth difference is exacerbated in higher
dimensions so that the trigonometric techniques are not powerful enough for the
Walsh case.
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In 1992 Móricz et al. [18] proved that s2n1 ;2n2 f-f a.e. for each fAL1ð½0; 1Þ2Þ; when

n1; n2-N; jn1 � n2jpa for some fixed a: Later, Gát and Weisz proved
(independently, in the same year) this for the whole sequence, that is, the theorem
of Marcinkiewicz and Zygmund with respect to the Walsh–Paley system (see [9,26]).
In 2000 Blahota and the author of this paper generalized this theorem with respect to
two-dimensional bounded Vilenkin systems [2].

If we do not provide a ‘‘cone restriction’’ for the indices in sn;k f that is, we discuss

the convergence of this two-dimensional Fejér means in the Pringsheim sense, then
the situation changes. In 1992 Móricz et al. [18] proved with respect to the Walsh–

Paley system that sn;k f-f a.e. for each fAL logþ Lð½0; 1Þ2Þ; when minfn; kg-N:
Later, in 2002 Weisz generalized [27] this with respect to two-dimensional bounded
Vilenkin systems. In 2000 Gát proved [12] that the theorem of Móricz et al. above
cannot be improved. Namely, let d : ½0;þNÞ-½0;þNÞ be a measurable function

with property limt-N dðtÞ ¼ 0: Gát proved the existence of a function fAL1ð½0; 1Þ2Þ
such that fAL logþ LdðLÞ; and sn;kf does not converge to f a.e. as minfn; kg-N:

What can be said in the two-dimensional case with respect to unbounded Vilenkin
systems? Nothing before this paper. We prove the following theorem. Let

fAðL logþ LÞðGm � Gm̃Þ: Then we have sMn1
;M̃n2

f-f almost everywhere, where

minfn1; n2g-N provided that the distance of the indices is bounded, that is, jn1 �
n2joa for some fixed constant a40:

It seems also to be interesting to discuss the almost everywhere convergence of

Marcinkiewicz means 1
n

Pn�1
j¼0 Sj; j f of integrable functions on unbounded groups.

Although, this mean is defined for two-variable functions, in the view of almost
everywhere convergence there are similarities with the one-dimensional case. For the
trigonometric, Walsh–Paley, and bounded Vilenkin case see the papers of
Zhizhiasvili, Goginava, and Gát [28,14,8].

Next, we give a brief introduction to the theory of Vilenkin systems. These
orthonormal systems were introduced by Vilenkin in 1947 (see e.g. [25,1]) as follows.

Let m :¼ ðmk; kANÞ ðN :¼ f0; 1;yg;P :¼ N\f0gÞ be a sequence of integers each
of them not less than 2. Let Zmk

denote the discrete cyclic group of order mk: That is,

Zmk
can be represented by the set f0; 1;y;mk � 1g; with the group operation

mod mk addition. Since the groups is discrete, then every subset is open. The
normalized Haar measure on Zmk

; mk is defined by mkðf jgÞ :¼
1=mk ð jAf0; 1;y;mk � 1gÞ: Let

Gm :¼ �N
k¼0

Zmk
:

Then every xAGm can be represented by a sequence x ¼ ðxi; iANÞ; where
xiAZmi

ðiANÞ: The group operation on Gm (denoted by +) is the coordinate-wise

addition (the inverse operation is denoted by �), the measure (denoted by m), which
is the normalized Haar measure, and the topology are the product measure and
topology. Consequently, Gm is a compact Abelian group. If supnAN mnoN; then we
call Gm a bounded Vilenkin group. If the generating sequence m is not bounded, then
Gm is said to be an unbounded Vilenkin group. The Vilenkin group is metrizable in
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the following way:

dðx; yÞ :¼
XN
i¼0

jxi � yij
Miþ1

ðx; yAGmÞ:

The topology induced by this metric, the product topology, and the topology given
by intervals defined below, are the same. A base for the neighborhoods of Gm can be
given by the intervals:

I0ðxÞ :¼ Gm; InðxÞ :¼ fy ¼ ðyi; iANÞAGm : yi ¼ xi for iong

for xAGm; nAP: Let 0 ¼ ð0; iANÞAGm denote the nullelement of Gm:
Furthermore, let LpðGmÞ ð1pppNÞ denote the usual Lebesgue spaces (jj:jjp the

corresponding norms) on Gm; An the s-algebra generated by the sets InðxÞ ðxAGmÞ;
and En the conditional expectation operator with respect to An ðnANÞ ð fAL1Þ:

The concept of the maximal Hardy space [22] H1ðGmÞ is defined by the maximal

function f � :¼ supn jEn f j ð fAL1ðGmÞÞ; saying that f belongs to the Hardy space

H1ðGmÞ if f �AL1ðGmÞ: H1ðGmÞ is a Banach space with the norm jj f jjH1 :¼ jj f �jj1:
We say that the function fAL1ðGmÞ belongs to the logarithm space L logþ LðGmÞ if
the integral

jj f jjL logþL :¼
Z

Gm

j f ðxÞjlogþðj f ðxÞjÞ dmðxÞ

is finite. The positive logarithm logþ is defined as

logþðxÞ :¼
logðxÞ if x41;

0 otherwise:

�

Let X and Y be either H1ðGmÞ or LpðGmÞ for some 1pppN with norms jj:jjX and

jj:jjY : We say that operator T is of type ðX ;YÞ if there exist an absolute constant

C40 for which jjTf jjYpCjj f jjX for all fAX : If X ¼ Y ¼ LpðGmÞ then we often say

that T is of type ðp; pÞ instead of type ðLp;LpÞ: T is of weak type ðL1;L1Þ (or weak
type ð1; 1Þ) if there exist an absolute constant C40 for which mðTf4lÞpCjj f jj1=l
for all l40 and fAL1ðGmÞ: It is known that the operator which maps a function f to

the maximal function f � is of weak type ðL1;L1Þ; and of type ðLp;LpÞ for all
1oppN (see e.g. [3]).

Let M0 :¼ 1;Mnþ1 :¼ mnMn ðnANÞ be the so-called generalized powers. Then
each natural number n can be uniquely expressed as

n ¼
XN
i¼0

niMi ðniAf0; 1;y;mi � 1g; iANÞ;

where only a finite number of ni’s differ from zero. The generalized Rademacher
functions are defined as

rnðxÞ :¼ exp 2pi
xn

mn

� �
ðxAGm; nAN; i :¼

ffiffiffiffiffiffiffi
�1

p
Þ:
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It is known that
Pmn�1

i¼0 ri
nðxÞ ¼

0 if xna0
mn if xn ¼ 0

�
ðxAGm; nANÞ: The nth Vilenkin

function is

cn :¼
YN
j¼0

r
nj

j ðnANÞ:

The system c :¼ ðcn : nANÞ is called a Vilenkin system. Each cn is a character of Gm;
and all the characters of Gm are of this form. Define the m-adic addition as

k"n :¼
XN
j¼0

ðkj þ nj ðmod mjÞÞMj ðk; nANÞ:

Then, ck"n ¼ ckcn; cnðx þ yÞ ¼ cnðxÞcnðyÞ; cnð�xÞ ¼ %cnðxÞ; jcnj ¼ 1 ðk; nAN;

x; yAGmÞ:
Define the Fourier coefficients, the partial sums of the Fourier series, the Dirichlet

kernels, the Fejér means, and the Fejér kernels with respect to the Vilenkin system c
as follows:

f̂ðnÞ :¼
Z

Gm

f %cn;

Sn f :¼
Xn�1

k¼0

f̂ðkÞck;

Dnðy; xÞ ¼ Dnðy � xÞ :¼
Xn�1

k¼0

ckðyÞ %ckðxÞ;

sn f :¼ 1

n

Xn�1

k¼0

Sk f ;

Knðy; xÞ ¼ Knðy � xÞ :¼ 1

n

Xn�1

k¼0

Dkðy � xÞ;

ðnAP; y; xAGm; f̂ð0Þ :¼
Z

Gm

f ; S0 f ¼ D0 ¼ K0 ¼ 0; fAL1ðGmÞÞ:

It is well known that

Sn f ðyÞ ¼
Z

Gm

f ðxÞDnðy � xÞ dmðxÞ;

sn f ðyÞ ¼
Z

Gm

f ðxÞKnðy � xÞ dmðxÞ ðnAP; yAGm; fAL1ðGmÞÞ:
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It is also well known that

DMn
ðxÞ ¼

Mn if xAInð0Þ;
0 if xeInð0Þ;

�

SMn
f ðxÞ ¼ Mn

Z
InðxÞ

f ¼ En f ðxÞ ð fAL1ðGmÞ; nANÞ:

Let m̃ be a sequence like m: The relation between the sequence ðm̃nÞ and ðM̃nÞ is
the same as between sequence ðmnÞ and ðMnÞ: The group Gm � Gm̃ is called a
two-dimensional Vilenkin group. The normalized Haar measure is denoted by m;
just as in the one-dimensional case. It will not cause any misunderstood. In my
opinion, it is always unambiguous the dimension of the set and measure we are
talking about.

The two-dimensional Fourier coefficients, the rectangular partial sums of the
Fourier series, the Dirichlet kernels, the Fejér means, and the Fejér kernels with
respect to the two-dimensional Vilenkin system are defined as

f̂ðn1; n2Þ :¼
Z

Gm�Gm̃

f ðx1; x2Þ %cn1
ðx1Þ %cn2

ðx2Þ dmðx1; x2Þ;

Sn1;n2
f ðy1; y2Þ :¼

Xn1�1

k1¼0

Xn2�1

k2¼0

f̂ðk1; k2Þck1
ðy1Þck2

ðy2Þ;

Dn1;n2
ðy; xÞ ¼Dn1;n2

ðy � xÞ ¼ Dn1
ðy1 � x1ÞDn2

ðy2 � x2Þ

:¼
Xn1�1

k1¼0

Xn2�1

k2¼0

ck1
ðy1Þck2

ðy2Þ %ck1
ðx1Þ %ck2

ðx2Þ;

sn1;n2
f ðy1; y2Þ :¼ 1

n1n2

Xn1�1

k1¼0

Xn2�1

k2¼0

Sk1;k2
f ðy1; y2Þ;

Kn1;n2
ðy; xÞ ¼ Kn1;n2

ðy � xÞ :¼ 1

n1n2

Xn1�1

k1¼0

Xn2�1

k2¼0

Dk1;k2
ðy � xÞ;

ðy ¼ ðy1; y2Þ; x ¼ ðx1; x2ÞAGm � Gm̃Þ:

It is also well known that

sn1;n2
f ðyÞ ¼

Z
Gm�Gm̃

f ðxÞKn1;n2
ðy � xÞ dmðxÞ;
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SMn1
;M̃n2

f ðxÞ ¼ Mn1
M̃n2

Z
In1

ðx1Þ�In2
ðx2Þ

f ¼ ðE1
n1
#E2

n2
Þf ðxÞ:

2. The theorem

The aim of this paper is to give a partial answer for the two-dimensional case.
We discuss a partial sequence of the sequence of the Fejér means. Namely,
we prove:

Theorem 2.1. Let fAðL logþ LÞðGm � Gm̃Þ: Then we have sMn1
;M̃n2

f-f almost

everywhere, where minfn1; n2g-N provided that the distance of the indices is

bounded, that is, jn1 � n2joa for some fixed constant a40:

In order to prove Theorem 2.1 we need several lemmas. The first one is the so-
called Calderon–Zygmund decomposition Lemma [5] on unbounded Vilenkin
groups in the one-dimensional case (for the proof see e.g. [23,10]). For
zAGm; kAN; jAf0;y;mk � 1g we use the notation

Ikðz; jÞ ¼ Ikþ1ðz0;y; zk�1; jÞ ¼ fxAIkðzÞ : xk ¼ jg:

Lemma 2.2. Let fAL1ðGmÞ; and l4jj f jj140 arbitrary. Then the function f can be

decomposed in the following form:

f ¼ f0 þ
XN
j¼1

fj; jj f0jjNpCl; jj f0jj1pCjj f jj1;

supp fjC
[bj

l¼aj

Ikj
ðz j; lÞ ¼ Jj;

Z
Gm

fj dm ¼ 0 ð jAPÞ;

and for

F ¼
[
jAP

Jj; mðFÞpC
jj f jj1
l

:

Moreover, the sets Jj are disjoint ð jAPÞ:

The second one is as follows. For an integrable one-variable function f ; and
1pAAN we define the operators L1;A;H1;A in the following way:

L1;A f ðyÞ :¼ MA�1

Z
IA�1ðyÞ\IAðyÞ

f ðxÞ 1

1� rA�1ðy � xÞ dmðxÞ;

H1;A f :¼ jL1;A f j
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ð fAL1ðGmÞ; yAGmÞ: The maximal operator H1 is defined as

H1 f :¼ sup
1pAAN

H1;A f ð fAL1ðGmÞÞ:

In 2003 the author proved [13] that the operator H1 is of type ðL2;L2Þ with respect to
any (bounded or not) Vilenkin group.

Let fAL1ðGmÞ such thatZ
Gm

f dm ¼ 0; supp fC
[b
j¼a

Ikðz; jÞ ¼: I ;

where Ikðz; jÞ ¼ Ikþ1ðz0;y; zk�1; jÞ; zAGm; and jAfa; aþ 1;y; bgCf0; 1;y;
mk � 1g: Let g :¼ Iðaþ bÞ=2m: Define the distance of j; kAf0; 1;y;mk � 1g ¼
Zmk

as

rð j; kÞ :¼
j j � kj if j j � kjpmk

2
;

mk � j j � kj if j j � kj4mk

2
:

8><
>:

In other words, Zmk
is considered as a circle. Define the set 6I in the following way:

If b� aþ 1Xmk=12; then 6½a; b :¼ f0;y;mk � 1g;
6I :¼

[
jA6½a;b

Ikðz; jÞ ¼ IkðzÞ:

On the other hand, if b� aþ 1omk=12; then 6½a; b :¼ f jAZmk
: rð j; gÞp3ðb�

aþ 1Þg;
6I :¼

[
jA6½a;b

Ikðz; jÞ:

It is obvious that mðIÞpmð6IÞp12mðIÞ: Denote by ekAGm the sequence whose kth
coordinate is 1; and the rest are zeros ðkANÞ:

Next, we prove for the operator H1:

Lemma 2.3.Z
Gm\6I

H1 f dmpCjj f jj1:

Proof. For xAI ; and yA
S

jAZmk
\6½a;b Ikðz; jÞ we give an upper bound for

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ

����
����

and later for the sum of them. The definition of r gives

1

sin p yk�xk

mk

� ���� ��� ¼
1

sin p rðyk ;xkÞ
mk

� �pC
mk

rðyk; xkÞ
:
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Since

1

1� expð2pizÞ ¼
1

2
þ i

2
cotðpzÞ;

then we have

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ

����
����

¼ 1

2

cos p yk�xk

mk

� �
sin p yk�xk

mk

� � �
cos p yk�g

mk

� �
sin p yk�g

mk

� �
������

������
¼ 1

2

sin p xk�g
mk

� �
sin p yk�xk

mk

� �
sin p yk�g

mk

� �
������

������
pC

ðb� aþ 1Þ=mk

sin p yk�xk

mk

� �
sin p yk�g

mk

� ���� ���
pC

ðb� aþ 1Þmk

rðyk; xkÞrðyk; gÞ

pC
ðb� aþ 1Þmk

r2ðyk; gÞ
:

The last inequality is implied by the definition of r; yke6½a; b; and

rðyk; xkÞXrðyk; gÞ � ðb� aþ 1ÞX2
3
rðyk; gÞ: Consequently, we have

1

mk

X
ykAf0;y;mk�1g

yke6½a;b

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ

����
����

pC
X

fyk :rðyk ;gÞ43ðb�aþ1Þg

b� aþ 1

r2ðyk; gÞ
pC:

In the sequel we consider

H1;A f ðyÞ ¼ MA�1

Z
IA�1ðyÞ\IAðyÞ

f ðxÞ 1

1� rA�1ðy � xÞ dmðxÞ
�����

�����;
where yAGm\6I : This means, that either there exists an ipk � 1; such that yiazi; or
y0 ¼ z0;y; yk�1 ¼ zk�1; and yke6½a;b:

The case A4k þ 1: In this case

IA�1ðyÞ\IAðyÞCIA�1ðy0;y; yA�2ÞCIkþ1ðy0;y; ykÞ:

If there exists a ipk � 1; such that yiazi; then the sets Ikðz0;y; zk�1Þ*I ; and
Ikþ1ðy0;y; ykÞ are disjoint. Consequently, H1;A f ðyÞ ¼ 0:
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On the other hand, if y0 ¼ z0;y; yk�1 ¼ zk�1; and yke6½a; b; then the intervals

Ikþ1ðy0;y; ykÞ ¼ Ikþ1ðz0;y; zk�1; ykÞ; and I ¼
Sb

j¼a Ikþ1ðz0;y; zk�1; jÞ are disjoint.

Anyway, we have H1;A f ðyÞ ¼ 0:
The case Aok þ 1: That is, A � 1pk � 1: If

IAðy0;y; yA�2; xA�1Þ-Ia|;

then the condition y0 ¼ z0;y; yA�2 ¼ zA�2; xA�1 ¼ zA�1 must be fulfilled. It follows
that ICIkðz0;y; zk�1ÞCIAðy0;y; yA�2; xA�1Þ: Thus, IAðy0;y; yA�2; xA�1Þ-I ¼ I :
Consequently, the function rA�1ðy � xÞ is constant as x ranges over I : This gives

H1;A f ðyÞ ¼ MA�1

Z
I

f ðxÞ 1

1� rA�1ðy � xÞ dmðxÞ
����

����
¼ MA�1

1

1� rA�1ðy � zA�1eA�1Þ

Z
I

f ðxÞ dmðxÞ
����

���� ¼ 0:

Consequently, H1;A f ðyÞ may differ from zero only in the case A ¼ k þ 1: It follows

H1 f ðyÞ ¼ Mk

Z
IA�1ðyÞ\IAðyÞ

f ðxÞ 1

1� rkðy � xÞ dmðxÞ
�����

�����:
Recall that yAGm\6I : Moreover, if H1;A f ðyÞa0; then y0 ¼ z0;y; yk�1 ¼ zk�1; and
yke6½a; b: These assumptions giveZ

Gm\6I

jH1 f ðyÞj dmðyÞ

¼ 1

Mkþ1

X
yk¼0;y;mk�1

yke6½a;b

Mk

Z
I

f ðxÞ 1

1� rkðy � xÞ dmðxÞ
����

����
¼ 1

Mkþ1

X
yk¼0;y;mk�1

yke6½a;b

Mk

Z
I

f ðxÞ 1

1� rkðy � xÞ

�����
� 1

1� rkðy � gekÞ

�
dmðxÞ

����
p
Z

I

j f ðxÞj dmðxÞ � 1

mk

X
yk¼0;y;mk�1

yke6½a;b

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ

����
����

pC

Z
I

j f ðxÞj dmðxÞ ¼ Cjj f jj1: &

Since the operator H1 is of type ðL2;L2Þ [13], then by standard argument with the

application of Lemma 2.2 it follows that the operator H1 is of weak type ðL1;L1Þ: In
the book of Bennett and Sharpley [4, pp. 243–249] one can find that an operator of
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this kind satisfies the following inequality:

jjH1 f jj1pCjj f jjL logþ L þ C: ð1Þ

In other words,Z
Gm

jH1 f j dmpC

Z
Gm

j f ðxÞj logþðj f ðxÞjÞ dmðxÞ þ C:

This inequality plays a prominent role in the proof of the forthcoming lemma, which
is the very base of the proof of Theorem 2.1. That is, let function f satisfy (almost)
the same properties as in Lemma 2.3, the only difference is that we do not suppose
that f has zero meanvalue. That is, f is integrable, and

supp fC
[b
j¼a

Ikðz; jÞ ¼: I :

Lemma 2.4.Z
6I

H1 f dmpCðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ:

Proof. The shift invariancy of the Haar measure implies that we may assume for the
interval I that z ¼ 0:

Similarly, we also may suppose that 6½a; b ¼ ½0; d: This means that the union of
the intervals

S
jA6½a;b Ikð0; jÞ is shifted to the union of intervals

S
jA½0;d Ikð0; jÞ:

Let yA6I ¼
S

jA½0;d Ikð0; jÞ: For Apk we have xA�1ayA�1 if xAIA�1ðyÞ\IAðyÞ (see
the definition of H1;A f ðyÞ). This means that

ðIA�1ðyÞ\IAðyÞÞ-I ¼ |;

and consequently H1;A f ðyÞ ¼ 0:
That is, AXk þ 1 may be supposed. Consequently,

H1 f ¼ sup
AXkþ1

H1;A fpH1;kþ1 f þ sup
AXkþ2

H1;A f ¼: H1;kþ1 f þ H�
1 f :

Define the Vilenkin group G�
m as follows:

G�
m :¼ Zd � �N

n¼kþ1
Zmn

:

The normalized Haar measure on G�
m is denoted by m�; m�

0 :¼ d;m�
1 :¼ mkþ1;y: For

a function f : Gm-C we define the function g : G�
m-C in the following way:

gðxÞ :¼ f ðxÞ ðxAGm; xkAZdCZmk
; and x0;yxk�1 are fixedÞ:

Then by inequality (1) we have for H̃1 defined on L1ðG�
mÞ in analogous way as H1

that Z
G�

m

H̃1g dm�pC

Z
G�

m

jgðxÞj logþðjgðxÞjÞ dm�ðxÞ þ C:
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That is, in other words:

Mkþ1

d

Z
Sd

j¼0
Ikð0; jÞ

sup
AXkþ2

dmkþ1ymA�2
Mkþ1

d

Z
Sd

j¼0
Ikð0; jÞ-ðIA�1ðyÞ\IAðyÞÞ

f ðxÞ
�����

� 1

1� rA�1ðy � xÞ dmðxÞ
����dmðyÞ

pC
Mkþ1

d

Z
Sd

j¼0
Ikð0; jÞ

j f ðxÞjlogþðj f ðxÞjÞ dmðxÞ þ C:

This implies (recall that f is zero outside I ¼
S

jA½a;b Ikð0; jÞ)

Z
Sd

j¼0
Ikð0; jÞ

sup
AX2

MA�1

Z
IA�1ðyÞ\IAðyÞ

f ðxÞ 1

1� rA�1ðy � xÞ dmðxÞ
�����

����� dmðyÞ

pC

Z
I

j f ðxÞjlogþðj f ðxÞjÞ dmðxÞ þ Cd
Mkþ1

:

This follows the inequalityZ
6I

H�
1 fpCðjj f jjL logþ L þ mðIÞÞ:

Finally, it is left to prove the same for H1;kþ1 f : We use a similar method like in the

case of H�
1 :

By elementary calculus we have for 0ajujpp=2 that

cotðuÞ � 1

u

����
����p4juj

p2
p
juj
2
:

Suppose that 2domk: Since dXjyk � xkja0 for ykA½0; d and xkA½a; bC½0; d; then
we have

cot p
yk � xk

2d

� �
� 2d

pðyk � xkÞ

����
����ppjyk � xkj

4d

and consequently,

cot p
yk � xk

mk

� �
� mk

2d
cot p

yk � xk

2d

� �����
����

p cot p
yk � xk

mk

� �
� mk

pðyk � xkÞ

����
����þ mk

pðyk � xkÞ
� mk

2d
cot p

yk � xk

2d

� �����
����

p
pjyk � xkj

2mk

þ mk

2d
pjyk � xkj

4d

pC
mk

d
:
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We give an upper bound for the integral

Z
6I

H1;kþ1 f dm

p
1

2

Z
Sd

j¼0
Ikð0; jÞ

Mk

Z
S

xkA½a;b\fykg
Ikþ1ð0;y;0;xkÞ

f ðxÞ dmðxÞ

������
������dmðyÞ

þ 1

2

Z
Sd

j¼0
Ikð0; jÞ

Mk

mk

2d

Z
S

xkA½a;b\fykg
Ikþ1ð0;y;0;xkÞ

f ðxÞ

������
� cot p

yk � xk

2d

� �
dmðxÞ

���dmðyÞ
þ C

1

2

Z
Sd

j¼0
Ikð0; jÞ

Mk

mk

2d

Z
S

xkA½a;b\fykg
Ikþ1ð0;y;0;xkÞ

j f ðxÞj dmðxÞ dmðyÞ

¼: H1;kþ1;1 þ H1;kþ1;2 þ H1;kþ1;3:

It is easy to check the first and the third addend:

H1;kþ1;1 þ H1;kþ1;3pCm
[d
j¼0

Ikð0; jÞ
 !

Mkþ1

d
jj f jj1 ¼ Cjj f jj1:

Since 1
1�expð2piðyk�xkÞ=ð2dÞÞ ¼ 1=2þ i=2 cotðpðyk � xkÞ=ð2dÞÞ; then we have to investi-

gate

Z
Sd

j¼0
Ikð0; jÞ

Mkþ1

2d

Z
S

xkA½a;b\fykg
Ikþ1ð0;y;0;xkÞ

f ðxÞ 1

1� exp 2pi yk�xk

2d

� �dmðxÞ
������

������dmðyÞ:

The distance of this integral and H1;kþ1;2 is bounded by Cjj f jj1:
By (1) for the Vilenkin group Gw

m

Gw
m :¼ Z2d � �N

n¼kþ1
Zmn

;

we have

Mkþ1

2d

Z
Sd

j¼0
Ikð0; jÞ

Mkþ1

2d

Z
Sd

l¼0;laj
Ikþ1ð0;y;0;lÞ

f ðxÞ 1

1� exp 2pi j�l
2d

� � dmðxÞ

������
������ dmðyÞ

pC
Mkþ1

2d

Z
Sd

j¼0
Ikð0; jÞ

j f ðxÞjlogþðj f ðxÞjÞ dmðxÞ þ C:
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This givesZ
Sd

j¼0
Ikð0; jÞ

Mkþ1

2d

Z
S

xkA½a;b\fykg
Ikþ1ð0;y;0;xkÞ

f ðxÞ 1

1� exp 2pi yk�xk

2d

� � dmðxÞ

������
������ dmðyÞ

pCðjj f jjL logþ L þ mðIÞÞ:

Consequently, we have
R
6I

H1;kþ1 f dmpCðjj f jjL logþ L þ jj f jj1 þ mðIÞÞ:
What can be said for H1;kþ1 f if mkp2d? Recall the definition of 6½a; b before

Lemma 2.3, and the definition of d at the beginning of the proof of this lemma. That
is, if 2domk is not fulfilled, then 6½a; b ¼ ½0; d ¼ ½0;mk � 1: The method is
the same, except the point that we do not interchange expð2piðyk � xkÞ=mkÞ
by expð2piðyk � xkÞ=ð2dÞÞ; that is we take Gw

m :¼ Zmk
��N

n¼kþ1 Zmn
not

Z2d ��N

n¼kþ1Zmn
: &

Remark 2.5. If the integral of function f equals with zero, then by Lemmas 2.3 and
2.4 we have jjH1 f jj1pCðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ:

In the sequel we turn our attention to the two-dimensional case. Define the two-
dimensional operators L1;1;H1;1 for integrable functions in the following way.

L1;1;A;B f ðy1; y2Þ :¼ ðL1;A#L1;BÞf ðy1; y2Þ;

H1;1;A;B f :¼ jL1;1;A;B f j;

H1;1 f :¼ sup
A;B;jA�Bjoa

H1;1;A;B f

for some fixed a40: We discuss the two-dimensional operator H1;1 with respect to

functions supported by squares. Let f be an integrable two-parameter function on
the group Gm � Gm̃; andZ

Gm

f ðx1; x2Þ dmðx1Þ ¼
Z

Gm̃

f ðx1; x2Þmðx2Þ ¼ 0

for all x2AGm̃ and x1AGm: Let the support of f be included in the square below:

supp fC
[b1

j1¼a1
Ikðz1; j1Þ �

[b2

j2¼a2
Ikðz2; j2Þ� ¼: I1 � I2 ¼: I :

Use the notation 6I :¼ 6I1 � 6I2: We prove the two-dimensional version of
Lemma 2.3.

Lemma 2.6.

Z
Gm�Gm̃\6I

H1;1 fpCaðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ:
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Proof. The set Gm � Gm̃\6I is the disjoint union of the sets ðGm\6I1Þ � ðGm̃\6I2Þ ¼:

J1; 6I1 � ðGm̃\6I2Þ ¼: J2; and ðGm\6I1Þ � 6I2 ¼: J3: We discuss the integrals of the
function H1;1 f on these sets one by one. First on J1; then on J2: Since the case J3 is

similar like case J2 (interchanging the variables), then it is left to the reader. In order
to have the necessary bound for the integral on J1 we apply the method of
Lemma 2.3.

That is, let ðy1; y2ÞAJ1: Consequently, y1e6I1; and y2e6I2: This implies that

ðL1;A#L1;BÞf ðy1; y2Þ may be different from zero only in the case, when A ¼ k þ 1;

and B ¼ k þ 1: Besides, y1AIkðz1Þ; y2AIkðz2Þ; and y1e6½a1;b1; y2e6½a2;b2: These
assumptions give

H1;1 f ðy1; y2Þ ¼ jL1;1;kþ1;kþ1 f ðy1; y2Þj

¼ MkM̃k

Z
I1�I2

f ðx1; x2Þ 1

1� rkðy1 � x1Þ

����
� 1

1� rkðy2 � x2Þ dmðx1; x2Þ
����

¼ MkM̃k

Z
I1�I2

f ðx1; x2Þ 1

1� rkðy1 � x1Þ �
1

1� rkðy1 � g1ekÞ

� �����
� 1

1� rkðy2 � x2Þ �
1

1� rkðy2 � g2ekÞ

� �
dmðx1; x2Þ

����
pC

b1 � a1 þ 1

r2ðy1
k; g

1Þ
b2 � a2 þ 1

r2ðy2
k; g

2Þ Mkþ1M̃kþ1

Z
I1�I2

j f ðx1; x2Þj dmðx1; x2Þ:

So,

H1;1 f ðy1; y2ÞpC
b1 � a1 þ 1

r2ðy1
k; g

1Þ
b2 � a2 þ 1

r2ðy2
k; g

2Þ Mkþ1M̃kþ1jj f jj1:

At this situation we apply Lemma 2.3, or more exactly, the method of the proof, that

is, that fact that
P

y
j

k
e6½a j ;b j 

1

r2ðy j

k
;g jÞpC 1

b j�a jþ1
ð j ¼ 1; 2Þ: This gives the inequality:Z

J1

H1;1 f ðy1; y2Þ dmðy1; y2ÞpCjj f jj1:

Let now, yAJ2; that is, y1A6I1; y2e6I2: This implies that ðL1;A#L1;BÞf ðy1; y2Þ may

be different from zero only in the case, when B ¼ k þ 1 and so k þ 1� apApk þ
1þ a: Besides, y2AIkðz2Þ; and y2

ke6½a2; b2: This gives

jL1;1;A;kþ1 f ðy1; y2Þj

¼ M̃k

Z
I2

L1;A f ðy1; x2Þ 1

1� rkðy2 � x2Þ �
1

1� rkðy2 � g2ekÞ

� �
dmðx2Þ

����
����

pC
M̃kþ1ðb2 � a2 þ 1Þ

r2ðy2; g2Þ

Z
I2

jL1;A f ðy1; x2Þj dmðx2Þ:
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This givesZ
6I1�ðGm̃\6I2Þ

jL1;1;A;kþ1 f ðy1; y2Þj dmðy1; y2Þ

p
Z
6I1

1

M̃kþ1

X
y2

k
e6½a2;b2

M̃kþ1ðb2 � a2 þ 1Þ
r2ðy2

k; g
2Þ

Z
I2

jL1;A f ðy1; x2Þj dmðx2Þ dmðy1Þ

pC

Z
6I1

Z
I2

jL1;A f ðy1; x2Þj dmðx2Þdmðy1Þ

¼ C

Z
I2

Z
6I1

jL1;A f ðy1; x2Þj dmðy1Þdmðx2Þ:

Apply Lemma 2.4 for each fixed x2: This givesZ
I2

Z
6I1

jL1;A f ðy1; x2Þj dmðy1Þ dmðx2Þ

pC

Z
I2

Z
I1

j f ðx1;x2Þj dmðx1Þ
�

þ
Z

I1

j f ðx1; x2Þjlogþðj f ðx1; x2ÞjÞ dmðx1Þ þ mðI1Þ
�

dmðx2Þ

pCðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ:

Consequently,

Z
J2

jH1;1 f ðy1; y2Þj dmðy1; y2Þp
XA¼kþ1þa

A¼kþ1�a

Z
J2

jL1;1;A;kþ1 f ðy1; y2Þj dmðy1; y2Þ

pCaðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ:

The proof of Lemma 2.6 is complete. &

Recall the notation of Lemma 2.6, and for jAN let gj : Gm � Gm̃-C be integrable

with the property

gjðx1; x2Þ ¼ m�1ðI1
j Þ1I1

j
ðx1Þ

Z
I1

j

fjðt1; x2Þ dmðt1Þ;

where f ; fj : Gm � Gm̃-C are also integrable, and

supp fjCIj ¼ I1
j � I2

j ;

Z
Gm�Gm̃

fj dm ¼ 0:

Moreover, the two-dimensional rectangles Ij are disjoint, and f ¼
P

jAN fj; g ¼P
jAN gj; I ¼

S
jAN Ij:
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Lemma 2.7.

mðH1;1;A;Bg4lÞpC

l
ðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ

for any l40 and A;BAN:

Proof. The proof is quite simple and based on the fact that the one-dimensional
operator H1 (and so H1;A) is of weak type ð1; 1Þ; and on the inequality of Lemma 2.3.

Fix an y2AGm̃: Then the one-dimensional Haar measure of the set

fy1AGm : H1;1;A;Bgðy1; y2Þ4lg

is bounded by

C

l

Z
Gm

jL1;Bgðy1; y2Þj dmðy1Þ:

This follows from the fact that H1;A is of weak type ð1; 1Þ: Consequently, the two-

dimensional measure

mðH1;1;A;Bg4lÞpC

l

Z
Gm̃

Z
Gm

jL1;Bgðy1; y2Þj dmðy1Þ dmðy2Þ

¼
X
jAN

C

l

Z
Gm̃

Z
Gm

m�1ðI1
j Þ1I1

j
ðy1ÞjL1;Bg̃jðy2Þj dmðy1Þ dmðy2Þ;

where g̃jðx2Þ ¼
R

I1
j

fjðt1; x2Þ dmðt1Þ: On the other hand,

L1;Bg̃jð:Þ ¼
Z

I1
j

L1;B fjðt1; :Þ dmðt1Þ;

that is, the operator L1;B with respect to the second variable of fj; and the integral on

the set I1
j with respect to the first variable are interchangeable. Thus, by Lemmas 2.3

and 2.4 we have

mðH1;1;A;Bg4lÞ

p
C

l

X
jAN

Z
Gm̃

jL1;Bg̃jðy2Þj dmðy2Þ

p
C

l

X
jAN

Z
G

m̃\6I2
j

jL1;Bg̃jðy2Þj dmðy2Þ þ C

l

Z
6I2

j

jL1;Bg̃jðy2Þj dmðy2Þ

0
@

1
A

p
C

l

X
jAN

jjg̃jjj1 þ
Z
6I2

j

Z
I1

j

jL1;B fjðt1; y2Þj dmðt1Þ dmðy2Þ
 !
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¼ C

l

X
jAN

jj fjjj1 þ
Z

I1
j

Z
6I2

j

jL1;B fjðt1; y2Þjdmðy2Þ dmðt1Þ
 !

p
C

l

X
jAN

jj fjjj1 þ
Z

I1
j

Z
Gm̃

j fjðt1; x2Þj dmðx2Þ
� 

þ
Z

Gm̃

j fjðt1; x2Þjlogþðj fjðt1; x2ÞjÞ dmðx2Þ þ mðI2
j Þ
�

dmðt1Þ
�

p
C

l

X
jAN

ðjj fjjj1 þ jj fjjjL logþ L þ mðIjÞÞ

p
C

l
ðjj f jj1 þ jj f jjL logþ L þ mðIÞÞ:

This completes the proof of this lemma. &

Next, we need the two-dimensional version of Lemma 2.2.

Lemma 2.8. Let fAL1ðGm � Gm̃Þ; and l4jj f jj140 arbitrary. Then the function f can

be decomposed in the following form:

f ¼ f0 þ
XN
j¼1

fj; jj f0jjNpCl; jj f0jj1pCjj f jj1;

supp fjC
[b1

j

l¼a1
j

Ikj
ðz1; j; lÞ �

[b2
j

l¼a2
j

Ikj
ðz2; j; lÞ ¼ I1

j � I2
j ¼ Jj;

Z
Gm�Gm̃

fj dm ¼ 0

ð jAPÞ

and for

F ¼
[
jAP

Jj; mðFÞpC
jj f jj1
l

:

Moreover, the sets Jj (we can call them squares) are disjoint ð jAPÞ:

We prove that the maximal operator H1;1 is of weak type ðL logþ L;L1Þ ‘‘almost’’,

or more exactly we prove:

Lemma 2.9. For all integrable function fAL logþ LðGm � Gm̃Þ we have

mðH1;1 f4lÞpC

l
a2ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
a2jj f jj1

for any l40:
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Proof. Apply the two-dimensional Calderon–Zygmund decomposition lemma, that
is, Lemma 2.8.

f ¼ f0 þ
XN
j¼1

fj � m�1ðI1
j Þ1I1

j

Z
I1

j

fj � m�1ðI2
j Þ1I2

j

Z
I2

j

fj

 !

þ
XN
j¼1

m�1ðI1
j Þ1I1

j

Z
I1

j

fj þ
XN
j¼1

m�1ðI2
j Þ1I2

j

Z
I2

j

fj

¼: f0 þ
XN
j¼1

fj
0 þ
XN
j¼1

g1
j þ

XN
j¼1

g2
j :

By the sublinearity of the operator H1;1 we have

mðH1;1 f4lÞ

pmðH1;1 f04l=2Þ þ mð6FÞ þ m 6F- H1;1

XN
j¼1

fj
0

 !
4l=6

 ! !

þ m 6F- H1;1

XN
j¼1

g1
j

 !
4l=6

 ! !
þ m 6F- H1;1

XN
j¼1

g2
j

 !
4l=6

 ! !

¼: n1 þ n2 þ n3 þ n4 þ n5:

Since the one-dimensional operator H1 is of type ðL2;L2Þ; then so does the two-
dimensional version H1;1: That is,

n1p
C

l2
jjH1;1 f0jj22p

C

l2
jj f0jj22p

C

l
jj f0jj1p

C

l
jj f jj1

as it follows from Lemma 2.8. This lemma also implies n2pC
l jj f jj1:

Next, we discuss n4: Its investigation based on Lemma 2.7.

n4pm 6F-
[N
A¼1

[B¼Aþa

B¼A�a

H1;1;A;B

XN
j¼1

g1
j

 !
4l=6

 ! !

p
XN
A¼1

XB¼Aþa

B¼A�a

m 6F- H1;1;A;B

XN
j¼1

g1
j

 !
4l=6

 ! !
:

In order to get a bound for n4 we prove that there are only at most a number of kj ’s

such that H1;1;A;Bg1
j differs from zero on the complementer set of 6F : In the proof of

Lemma 2.3 one can find that for any Bpkj the function

L1;B m�1ðI1
j Þ1I1

j
ðy1Þ

Z
I1

j

fjðt1; :Þ dmðt1Þ
 !

ðy2Þ

¼ m�1ðI1
j Þ1I1

j
ðy1ÞL1;B

Z
Sb1

j

l¼a1
j

Ikj
ðz1; j ;lÞ

fjðt1; :Þ dmðt1Þ

0
B@

1
CAðy2Þ ¼ 0
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on every y ¼ ðy1; y2ÞAGm � Gm̃ because the integral of the function
R

I1
j

fjðt1; :Þ dmðt1Þ
is zero. That is, B4kj can be supposed. Since for ye6F we have ye6Jj ¼ 6I1

j � 6I2
j ;

then either y2e6I2
j ; or y1e6I1

j :

In the first case, also in the proof of Lemma 2.3 one can find that

L1;B

Z
Sb1

j

l¼a1
j

Ikj
ðz1; j ;lÞ

fjðt1; :Þ dmðt1Þ

0
B@

1
CAðy2Þ

may be different from zero only in the case B � 1 ¼ kj: That is, we have only one kj

such that H1;1;A;Bg1
j differs from zero.

See the second case, that is, y1e6I1
j : This follows y1eI1

j ; that is,

y1e
Sb1

j

l¼a1
j

Ikj
ðz1; j; lÞ; and consequently, DMA

ðy1 � x1Þ ¼ 0 for x1AI1
j ; and AXkj þ

1: The definition of L1;A gives that L1;Ag1
j ðyÞ ¼ 0: This means, that ApkjoB is

fulfilled. Since the distance between A and B is less than a; then we proved that there

are only at most a number of kj’s such that H1;1;A;Bg1
j differs from zero on the

complementer set of 6F :
So, by the help of Lemma 2.7 we may continue the investigation of n4:

n4p
XN
A¼1

XB¼Aþa

B¼A�a

m 6F- H1;1;A;B

XN
j¼1

g1
j

 !
4l=6

 ! !

¼
XN
A¼1

XB¼Aþa

B¼A�a

m 6F- H1;1;A;B

X
f j : ApkjoAþag

g1
j

0
@

1
A4l=6

0
@

1
A

0
@

1
A

p
C

l

XN
A¼1

XB¼Aþa

B¼A�a

X
f j : ApkjoAþag

ðjj fjjj1 þ jj fjjjL logþ L þ mðJjÞÞ

p
C

l
a
XN
A¼1

X
f j : ApkjoAþag

ðjj fjjj1 þ jj fjjjL logþ L þ mðJjÞÞ

p
C

l
a2ðjj f jj1 þ jj f jjL logþ L þ mðFÞÞ

p
C

l
a2ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
a2jj f jj1:

The investigate n5 is the same procedure as n4; that is why, it is left to the reader.
The rest is to find an appropriate bound for n3: Basically, the proof of nothing else

but the application of Lemma 2.6. Therefore,

n3 ¼ m 6F- H1;1

XN
j¼1

fj
0

 !
4l=6

 ! !
p

C

l

Z
6F

H1;1

XN
j¼1

fj:

 !
dm
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p
C

l

XN
j¼1

Z
6Jj

H1;1 fj
0 dm

C

l

XN
j¼1

ðjj fj
0jj1 þ jj fj

0jjL logþ L þ mðJjÞÞ:

By elementary calculus we can prove the inequality

ju þ vjlogþðju þ vjÞpjujlogþðjujÞ þ jvjlogþðjvjÞ þ juj þ jvj

for any u; vAC complex numbers. This implies jjg þ hjjL logþ LpjjgjjL logþ L þ
jjhjjL logþ L þ jjgjj1 þ jjhjj1 for every integrable function g; h: Consequently,

jj fj
0jjL logþ Lpjj fj jjL logþ L þ jjg1

j jjL logþ L þ jjg2
j jjL logþ L þ 2ðjj fjjj1 þ jjg1

j jj1 þ jjg2
j jj1Þ:

On the other hand,

jjg1
j jj1p

Z
Gm̃

Z
Gm

m�1ðI1
j Þ1I1

j
ðx1Þ

Z
I1

j

j f ðt1; x2Þj dmðt1Þ dmðx1Þ dmðx2Þ ¼ jj fjjj1:

The function jujlogþðjujÞ is convex on ½0;þNÞ: This implies

jjg1
j jjL logþ L ¼

Z
Gm̃

Z
I1

j

m�1ðI1
j Þ
Z

I1
j

fjðt1; x2Þ dmðt1Þ
�����

�����
� logþ m�1ðI1

j Þ
Z

I1
j

fjðt1; x2Þ dmðt1Þ
�����

�����
 !

dmðx1Þ dmðx2Þ

p
Z

Gm̃

Z
I1

j

j fjðx1; x2Þjlogþðj fjðx1; x2ÞjÞ dmðx1Þ dmðx2Þ

¼ jj fjjjL logþ L:

That is, since the support of the functions fj are disjoint, then

n3p
C

l

XN
j¼1

ðjj fj jj1 þ jj fj jjL logþ L þ mðJjÞÞ

p
C

l
ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l
mðFÞ

p
C

l
ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
jj f jj1:

This completes the proof of Lemma 2.9. &

Define the two-dimensional operators Fi
1 ði ¼ 1; 2Þ for integrable functions in the

following way:

F1
1;A;B f ðy1; y2Þ :¼ ðE1

A#L1;BÞf ðy1; y2Þ; F2
1;A;B f ðy1; y2Þ :¼ ðL1;A#E2

BÞf ðy1; y2Þ;
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Fi
1 f :¼ sup

A;B;jA�Bjoa
jFi

1;A;B f j;

where i ¼ 1; 2: We prove some kind of weak boundedness of the operators Fi
1:

Lemma 2.10. mðFi
1f4lÞpC

l ða2jj f jj1 þ jj f jjL logþ LÞ þ C
l2
jj f jj1:

Proof. Since the cases i ¼ 1 and 2 are quite similar, we discuss the case i ¼ 1; only.
Apply the notation of the proof of Lemma 2.9. That is,

f ¼ f0 þ
XN
j¼1

fj
0 þ
XN
j¼1

g1
j þ

XN
j¼1

g2
j :

It is well known that the one-dimensional maximal operator h� :¼ supA jEAhj is of
weak type ð1; 1Þ also on unbounded Vilenkin groups. Apply this fact, and Remark

2.5. We recall that for all fixed x1AI1
j the integral

R
Gm̃

fj
0ðx1; x2Þ dmðx2Þ is zero.

m F1
1

XN
j¼1

fj
0

 !
4l

 !

pm sup
B

L1;B

XN
j¼1

fj
0

 !�����
�����

 !�

4l

 !

p
C

l

Z
Gm

Z
Gm̃

sup
B

L1;B

XN
j¼1

fj
0

 !
ðx1; y2Þ

�����
�����dmðy2Þ dmðx1Þ

p
C

l

XN
j¼1

Z
Gm

Z
Gm̃

sup
B

jL1;B fj
0ðx1; y2Þj dmðy2Þ dmðx1Þ

p
C

l

XN
j¼1

Z
I1

j

Z
Gm̃

sup
B

jL1;B fj
0ðx1; y2Þj dmðy2Þ dmðx1Þ

p
C

l

XN
j¼1

Z
I1

j

Z
Gm̃

j fj
0ðx1; x2Þj dmðx2Þ

� 

þ
Z

Gm̃

j fj
0ðx1; x2Þj logðj fj

0ðx1; x2ÞjÞ dmðx2Þ þ mðI2
j Þ
�

dmðx1Þ
�

p
C

l

XN
j¼1

ðjj fj
0jj1 þ jj fj

0jjL logþ L þ mðJjÞÞ:

At the end of the proof of Lemma 2.9 one can find the inequalities

jj fj
0jjL logþ Lp jj fjjjL logþ L þ jjg1

j jjL logþ L þ jjg2
j jjL logþ L

þ 2ðjj fjjj1 þ jjg1
j jj1 þ jjg2

j jj1Þ

pCðjj fjjj1 þ jj fjjjL logþ LÞ:
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Consequently, the two-dimensional Calderon–Zygmund lemma, that is, Lemma 2.8
gives

m F1
1

XN
j¼1

fj
0

 !
4l

 !
p

C

l
ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
jj f jj1: ð2Þ

Fix an A;BAN: The one-dimensional operator H1 is of weak type ð1; 1Þ; and the one-

dimensional operator EA is of type ðL1;L1Þ: This gives

mðjðE1
A#L1;BÞf j4lÞ ¼ mðjL1;BðE1

A f Þj4lÞ

p
C

l

Z
Gm

Z
Gm̃

E1
A f ðy1; x2Þ dmðx2Þ dmðy1ÞpC

l
jj f jj1: ð3Þ

In the sequel we apply the method used in the proof of Lemma 2.9 at the point we
got bound for n4: That is, we prove that there are only at most a number of kj ’s such

that F1
1;A;Bg1

j differs from zero on the complementer set of 6F :

In the proof of Lemma 2.3 one can find that for any Bpkj the function

L1;Bg1
j ðx1; y2Þ ¼L1;B m�1ðI1

j Þ1I1
j
ðx1Þ

Z
I1

j

f ðt1; :Þ dmðt1Þ
 !

ðy2Þ

¼ m�1ðI1
j Þ1I1

j
ðx1ÞL1;B

Z
Sb1

j

l¼a1
j

Ikj
ðz1; j ;lÞ

f ðt1; :Þ dmðt1Þ

0
B@

1
CAðy2Þ ¼ 0

on every y ¼ ðy1; y2ÞAGm � Gm̃ because the integral of the function
R

I1
j

f ðt1; :Þ dmðt1Þ
(the support of which is a subset of I2

j ) is zero. That is, B4kj can be supposed. Since

for ye6F we have ye6Jj ¼ 6I1
j � 6I2

j ; then either y2e6I2
j ; or y1e6I1

j :

In the first case, also in the proof of Lemma 2.3 one can find that

L1;B

Z
Sb1

j

l¼a1
j

Ikj
ðz1; j ;lÞ

f ðt1; :Þ dmðt1Þ

0
B@

1
CAðy2Þ

may be different from zero only in the case B � 1 ¼ kj: That is, we have only one j

such that H1;1;A;Bg1
j differs from zero.

See the second case, that is, y1e6I1
j : This follows y1eI1

j ; that is,

y1e
Sb1

j

l¼a1
j

Ikj
ðz1; j; lÞ; and consequently

E1
Ag1

j ðy1; x2Þ ¼ MA

Z
I1

j
-IAðy1Þ

g1
j ðt1;x2Þ dmðt1Þ ¼ 0

for A4kj : In this case the intersection of I1
j and IAðy1Þ would be the empty set.

Anyhow, ApkjoB can be supposed.
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By the same method, we have that F1
1;A;Bg2

j may be different from zero on the

complementer set of 6F only in the case B � 1pkjpA: We get this as follows:

E1
Ag2

j ðy1; x2Þ ¼MA

Z
I1

j
-IAðy1Þ

m�1ðI2
j Þ1I2

j
ðx2Þ

Z
I2

j

fjðx1; t2Þ dmðt2Þ dmðx1Þ

¼ m�1ðI2
j Þ1I2

j
ðx2ÞMA

Z
I1

j
-IAðy1Þ

Z
I2

j

fjðx1; t2Þ dmðt2Þ dmðx1Þ ¼ 0

as if I1
j CIAðyÞ (since the integral of fj is zero), and also in the case when these two

intervals are disjoint. That is, I1
j *IAðyÞ must be fulfilled (if the integral is not zero),

and consequently kjpA: Suppose this. On the other hand, in this case, if y1eI1
j ; then

I1
j -IAðyÞ ¼ | after all. So, y1AI1

j is also can be supposed. Therefore, y2eI2
j (recall

that ye6F ). So, what can be said on L1;Bg2
j ðx1; y2Þ? If kjpB � 2; then

L1;Bg2
j ðx1; y2Þ ¼MB�1

Z
IB�1ðy2Þ\IBðy2Þ

m�1ðI2
j Þ1I2

j
ðx2Þ

Z
I2

j

fjðx1; t2Þ dmðt2Þ

� 1

1� rB�1ðy2 � x2Þ dmðx2Þ ¼ 0

because kjpB � 2; and y2eI2
j give that the intersection of the intervals I2

j and

IBðy2
0;y; y2

B�2; x2
B�1Þ is empty for all x2

B�1AZm̃B�1
: That is, the only case we are

interested (when F1
1;A;Bg2

j may be different from zero on the complementer set of 6F )

is B � 1pkjpA:

Now, we follow the proof of Lemma 2.9, and apply inequality (3).

m 6F- F1
1

XN
j¼1

ðg1
j þ g2

j Þ4l

 ! ! !

p
XN
A¼1

XAþa

B¼A�a

m 6F- ðE1
A#L1;BÞ

XN
j¼1

ðg1
j þ g2

j Þ4l

 ! ! !

p
XN
A¼1

XAþa

B¼A�a

m 6F- ðE1
A#L1;BÞ

0
@

0
@

�
X

f j : minfA;Bg�1pkjpmaxfA;Bgg
ðg1

j þ g2
j Þ4l

0
@

1
A
1
A
1
A

p
C

l
a
XN
A¼1

X
f j : A�a�1pkjoAþag

ðjjg1
j jj1 þ jjg2

j jj1Þ

p
C

l
a2jj f jj1:
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This inequality, (2), the facts that the two-dimensional operator F1
1 is of type

ðL2;L2Þ; and mð6FÞpCjj f jj1=l (see Lemma 2.8) by the (already) standard argument

give

mðF1
1 f4lÞpC

l
ða2jj f jj1 þ jj f jjL logþ LÞ þ

C

l2
jj f jj1:

This ends the proof of Lemma 2.10. &

For any 1pjAN define the one-dimensional operator Hj in the following way

Hj f ðyÞ :¼ sup
jpAAN

jLj;A f ðyÞj

:¼ sup
jpAAN

MA�j

Z
S

xA�jayA�j
IAðy0;y;yA�j�1;xA�j ;y;yA�1Þ

f ðxÞ

������
� 1

1� rA�jðy � xÞ dx

����;
where yAGm: In [13] the author proved the existence of an absolute constant C40

such that for all 1pjAN; fAL1ðGmÞ; and l40

mðHj f4lÞpC
j2jj f jj1
2 jl

:

Hereinafter, we discuss the two-dimensional version of this operator and inequality.
Let

Hj1; j2 f ðy1; y2Þ :¼ sup
jipAiAN;i¼1;2;
jA1�A2joa

jðLj1;A1
#Lj2;A2

Þf ðy1; y2Þj

for any fAL1ðGm � Gm̃Þ; j1; j2AP and y ¼ ðy1; y2ÞAGm � Gm̃: The operator Hj1;j2 is

the generalization of the operator H1;1 we discussed in Lemma 2.6 and in Lemma 2.9.

We prove

Lemma 2.11. For all integrable function fAL logþ LðGm � Gm̃Þ we have

mðHj1; j2 f4lÞp j31 j32
2 j1þj2

C

l
a2ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
a2jj f jj1

� �
ð4Þ

for any l40; j1; j2AP:

Proof. Basically, the proof is a kind of modification of the one-dimensional case
made up by the author [13]. For j1 ¼ 1; j2 ¼ 1 the proof is nothing else but Lemma
2.9. The proof applies this lemma for a modified two-dimensional Vilenkin group.
We apply a finite permutation for the coordinate groups of the Vilenkin group Gm

and Gm̃ such that for all AiXji;AiAN the Ai � jith coordinate group and the Ai � 1st
coordinate group will be adjacent ði ¼ 1; 2Þ: Then we use Lemma 2.9 for the
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modified group.

Hj1; j2 f ðy1; y2Þp
Xj1�1

k1¼0

Xj2�1

k2¼0

sup
jipAiAN

Ai�ki mod ji
i¼1;2;jA1�A2joa

jðLj1;A1
#Lj2;A2

Þf ðy1; y2Þj

¼:
Xj1�1

k1¼0

Xj2�1

k2¼0

H
k1;k2

j1; j2
f ðy1; y2Þ:

We prove the existence of an absolute constant C40 such that for all

l40; fAL1ðGm � Gm̃Þ; and ji; ki ði ¼ 1; 2Þ the inequality

mðHk1;k2

j1; j2
f4lÞp 1

2 j1þj2

C

l
a2ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
a2jj f jj1

� �
ð5Þ

holds. This inequality immediately gives

mðHj1; j2 f4lÞ

pm
[j1�1

k1¼0

[j2�1

k2¼0

H
k1;k2

j1; j2
f4

l
j1j2

� � !

p
Xj1�1

k1¼0

Xj2�1

k2¼0

m H
k1;k2

j1; j2
f4

l
j1j2

� �

p
j31 j32
2 j1þj2

C

l
a2ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
a2jj f jj1

� �

and this completes the proof of the lemma. Let

H
k1;k2;N
j1; j2

f ðy1; y2Þ :¼ sup
jipAipNjiþki

Ai�ki mod ji
i¼1;2;jA1�A2joa

jðLj1;A1
#Lj2;A2

Þf ðy1; y2Þj:

Since Hk1;k2;N
j1; j2

f is monotone increasing as N gets larger, then by measure theory if we

prove that the operators Hk1;k2;N
j1; j2

f are of weak type (5), uniformly in N (it means that

the constant C does not depend on N; j; k), then H
k1;k2

j1; j2
is also of weak type (5). This

would complete the proof of the lemma. That is, we have to prove inequality (5) for

operators Hk1;k2;N
j1; j2

:

Recall that the Vilenkin group Gm is the complete direct product of its coordinate
groups Zml

; that is, Gm ¼ �N

l¼0 Zml
; and Gm̃ ¼ �N

l¼0 Zm̃l
: We define another pair of

Vilenkin groups. Their coordinate groups will be the same, but with certain
rearrangement. Let the function yi :N-N be defined in the following way. If
nXki þ Nji; or ncki; ki � 1 mod ji; then

yiðnÞ :¼ n

and

yiðki þ ljiÞ :¼ ki þ ðl þ 1Þji � 1; yiðki þ ðl þ 1Þji � 1Þ :¼ ki þ lji
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for all loN; lAN; and for i ¼ 1; 2: Then define the Vilenkin groups G j1;k1
m ; G

j2;k2

m̃ as

G j1;k1
m ¼ �N

l¼0
Zmy1ðlÞ

; G
j2;k2

m̃ ¼ �N
l¼0

Zm̃y2ðlÞ
:

We give a measure preserving bijection between the two pairs of Vilenkin groups. We
denote it by W ¼ ðW1; W2Þ; or more precisely (if it is needed) by Wj;k ¼ ðW1; j1;k1

; W2; j2;k2
Þ:

It will not cause any confusion. That is,

W ¼ Wj;k : Gm � Gm̃-G j1;k1
m � G

j2;k2

m̃

and let the nth coordinate of the sequence W1ðx1Þ be x1
y1ðnÞ; the nth coordinate of the

sequence W2ðx2Þ be x2
y2ðnÞ: That is, ðW1; j1;k1

ðx1Þ; W2; j2;k2
ðx2ÞÞAG j1;k1

m � G
j2;k2

m̃ Briefly,

ðWðxiÞÞn ¼ xi
yðnÞ ðnAN; i ¼ 1; 2Þ:

Consequently, we have a finite permutation of the coordinates. This is very
important for us, since when we discuss the operator H1;1 on the two-dimensional

Vilenkin group G j1;k1
m � G

j2;k2

m̃ ; then we can apply the result given (H1;1 is of weak

type (4)) for the operator Hk1;k2;N
j1; j2

on the Vilenkin group Gm � Gm̃:

Denote by my1 the sequence for which my1
l ¼ my1ðlÞ; and by my2 the sequence for

which my2
l ¼ m̃y1ðlÞ: Introduce the notation ryi

l :¼ ryiðlÞ ðlAN; i ¼ 1; 2Þ: Recall that

Ai � ki mod ji ði ¼ 1; 2Þ: Then we have

1� rA1�j1ðy1 � x1Þ ¼ 1� exp 2pi
y1

A1�j1
� x1

A1�j1

mA1�j1

 !

¼ 1� exp 2pi
W1ðy1ÞA1�1 � W1ðx1ÞA1�1

my1
A1�1

 !

¼ 1� ry1A1�1ðW1ðy1Þ � W1ðx1ÞÞ:

Similarly, 1� rA2�j2ðy2 � x2Þ ¼ 1� ry2A2�1ðW2ðy2Þ � W2ðx2ÞÞ:
Moreover, denote by My1 ; My2 the sequence of the generalized powers with

respect to the sequence my1 and my2 : This gives

My1
A1�1 ¼my1

0 ymy1
A1�2

¼m0m1ymA1�j1�1mA1�j1þ1ymA1�1

¼m0ymA1�1

mA1�j1

¼MA1�j1

mA1�j1mA1�j1þ1ymA1�1

mA1�j1

¼MA1�j1mA1�j1þ1ymA1�1:
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This gives MA1�j1pMy1
A1�1=2

j1�1; and similarly M̃A2�j2pMy2
A2�1=2

j2�1: By the above

written we get

MA1�j1M̃A2�j2

Z
S

x1
A1�j1

ay1
A1�j1

IA1
ðy1

0
;y;y1

A1�j1�1
;x1

A1�j1
;y;y1

A1�1
Þ

�������
�
Z
S

x2
A2�j2

ay2
A2�j2

IA2
ðy2

0
;y;y2

A2�j2�1
;x2

A2�j2
;y;y2

A2�1
Þ

� f ðx1; x2Þ 1

1� rA1�j1ðy1 � x1Þ
1

1� rA2�j2ðy2 � x2Þ dmðx2Þ dmðx1Þ
����

p
1

2 j1�1

1

2 j2�1
H1;1 f yðW1ðy1Þ; W2ðy2ÞÞ;

where the function f y is defined on G j1;k1
m � G j2;k2

m by f ðx1; x2Þ ¼ f yðW1ðx1Þ; W2ðx2ÞÞ
for all xAGm � Gm̃: The definition of Hk1;k2;N

j1; j2
f gives

H
k1;k2;N
j1; j2

f ðy1; y2Þp 1

2 j1�1

1

2 j2�1
H1;1 f yðW1ðy1Þ; W2ðy2ÞÞ:

Consequently, by Lemma 2.9 we have

mðyAGm � Gm̃ : H
k1;k2;N
j1; j2

f ðyÞ4lÞ

pmðWðyÞAG j1;k1
m � G j2;k2

m : H1;1 f yðWðyÞÞ4l2 j1þj2�2Þ

p
C

2 j1þj2�2l
a2ðjj f yjj1 þ jj f yjjL logþ LÞ þ

C

ð2 j1þjþ2�2lÞ2
a2jj f yjj1

 !

p
1

2 j1þj2

C

l
a2ðjj f jj1 þ jj f jjL logþ LÞ þ

C

l2
a2jj f jj1

� �
:

That is, the proof of Lemma 2.11 is complete. &

Define the two-dimensional operators Fi
j ði ¼ 1; 2; jANÞ for integrable functions

in the following way:

F1
j;A;B f ðy1; y2Þ :¼ ðE1

A#Lj;BÞf ðy1; y2Þ; F2
j;A;B f ðy1; y2Þ :¼ ðLj;A#E2

BÞf ðy1; y2Þ;

Fi
j f :¼ sup

A;B;jA�Bjoa
jFi

j;A;B f j;

where i ¼ 1; 2; jAN: In the same way as we proved Lemma 2.11 by the application
of Lemma 2.9, from Lemma 2.10 we get the proof of the following lemma. &

Lemma 2.12. mðFi
j f4lÞpCj3

2 j ð1lða2jj f jj1 þ jj f jjL logþ LÞ þ 1
l2
jj f jj1Þ:

Finally, by Lemmas 2.11 and 2.12 we prove the main theorem of this paper, that is
Theorem 2.1.
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Proof of Theorem 2.1. In the paper of the author [13, Lemma 2.6] one can
find the following formula for the Fejér kernels. Let A4t; t;AAN; zAItð0Þ\Itþ1ð0Þ:
Then

KMA
ðzÞ ¼

0 if z � zteteIAð0Þ;
Mt

1� rtðzÞ
if z � ztetAIAð0Þ:

8<
:

Since in the one-dimensional case for zAIAð0Þ we have KMA
ðzÞ ¼ KMA

ð0Þ ¼
1

MA

PMA�1
k¼0 k ¼ MA�1

2
; then we have for a f : Gm-C integrable function

sMA
f ðyÞ ¼

Z
Gm

f ðxÞKMA
ðy � xÞ dmðxÞ

¼
Z

IAðyÞ
f ðxÞKMA

ðy � xÞ dmðxÞ þ
XA�1

t¼0

Z
ItðyÞ\Itþ1ðyÞ

f ðxÞKMA
ðy � xÞ dmðxÞ

¼MA � 1

2

Z
IAðyÞ

f ðxÞ dmðxÞ

þ
XA�1

t¼0

Mt

Z
S

xtayt
IAðy0;y;yt�1;xt;ytþ1y;yA�1Þ

f ðxÞ 1

1� rtðy � xÞ dmðxÞ:

This immediately gives for the two-dimensional operator sMA1
;M̃A2

; where jA1 �
A2joa

jsMA1
;M̃A2

f ðy1; y2Þj

p sup
jA1�A2joa

jðE1
A1
#E2

A2
Þf ðy1; y2Þj þ

X2
i¼1

XN
j¼1

Fi
j f ðy1; y2Þ

þ
XN
j1¼1

XN
j2¼1

Hj1; j2 f ðy1; y2Þ

¼: f �
a þ

X2
i¼1

XN
j¼1

Fi
j f ðy1; y2Þ þ

XN
j1¼1

XN
j2¼1

Hj1; j2 f ðy1; y2Þ:

Define the maximal operator

s�a f :¼ sup
A1;A2AN
jA1�A2joa

jsMA1
;M̃A2

f j:
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So, by Lemmas 2.12 and 2.11 we have

mðs�a f4lÞ

pmð f �
a 4l=3Þ þ m

X2
i¼1

XN
j¼1

Fi
j f4l=3

 !
þ m

XN
j1¼1

XN
j2¼1

Hj1; j2 f4l=3

 !

pmð f �
a 4l=3Þ þ

X2
i¼1

XN
j¼1

m Fi
j f4

1

4j2
l
3

� �
þ
XN
j1¼1

XN
j2¼1

m Hj1; j2 f4
1

4j21 j22

l
3

� �

pmð f �
a 4l=3Þ þ

X2
i¼1

XN
j¼1

Cj3

2 j

j2

l
ða2jj f jj1 þ jj f jjL logþ LÞ þ

j4

l2
jj f jj1

� �

þ
XN
j1¼1

XN
j2¼1

j31 j32
2 j1þj2

Cj21 j22
l

a2ðjj f jj1 þ jj f jjL logþ LÞ þ
Cj41 j42

l2
a2jj f jj1

� �

pmð f �
a 4l=3Þ þ Ca2

1

l
ðjj f jj1 þ jj f jjL logþ LÞ þ Ca2

1

l2
jj f jj1:

It is well known that the unconditional maximal operator f � :¼
supA1;A2ANjðE1

A1
#E2

A2
Þf j is of weak type ðL logþ L; 1Þ; that is, mð f �4lÞoCðjj f jj1 þ

jj f jjL logþ LÞ=l: One can find a proof for instance in [29]. Hence

mðs�a f4lÞpCa2
1

l
ðjj f jj1 þ jj f jjL logþ LÞ þ

1

l2
jj f jj1

� �
:

Finally, let the integrable function f belong to L logþ LðGm � Gm̃Þ; and e40: Since
the set of two-dimensional Vilenkin polynomials is dense in this space we get by
standard argument that

m lim sup
A1;A2-N

jA1�A2joa

jsMA1
;M̃A2

f � f j4e

0
B@

1
CA ¼ 0;

i.e. that lim supA1;A2-N

jA1�A2joa
jsMA1

;M̃A2
f � f j ¼ 0 a.e. The proof of Theorem 2.1 is

complete. &
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